Abstract. The limit set of a celullar automaton consists of all the configurations of the automaton that can appear after arbitrarily long computations. It is known that the limit set is never empty--it contains at least one homogeneous configuration. A CA is called nilpotent if its limit set contains just one configuration. The present work proves that it is algorithmically undecidable whether a given one-dimensional cellular automaton is nilpotent. The proof is based on a generalization of the well-known result about the undecidability of the tiling problem of the plane. The generalization states that the tiling problem remains undecidable even if one considers only so-called NW-deterministic tile sets, that is, tile sets in which the left and upper neighbors of each tile determine the tile uniquely. The nilpotency problem is known to be undecidable for d-dimensional CA for d >_ 2. The result is the basis of the proof of Rice's theorem for CA limit sets, which states that every nontrivial property of limit sets is undecidable.
1. Introduction. Cellular automata are discrete and deterministic dynamical systems. They provide simple models of complex natural systems encountered in physics, biology, and other fields. Like natural systems they consist of large numbers of The long time behaviour of a dynamical system is described by its attractors. Attractors are states of the system towards which the system is attracted. The system can converge to a particular fixed point attractor or to a periodic limit cycle attractor. If the system expresses chaotic behavior then its attractors are called strange. Limit sets have been introduced as possible formalizations of attractors in the theory of cellular automata. A limit set of a cellular automaton consists of all the configurations that can occur after arbitrarily long computations.
A cellular automaton is called nilpotent if its limit set contains just one configuration. Using a compact topology defined on the set of configurations one can show that, if a CA is nilpotent, then there is an upper bound n such that every configuration turns into the only configuration of the limit set in at most n time steps (see [2] for the proof of this fact).
The nilpotency can be characterized also using the graphs of cellular automata. The graph of a cellular automaton is an infinite digraph, whose nodes are the configurations of the automaton, and whose arcs express the transitions between the configurations. Obviously the graph of a nilpotent cellular automaton is connected. Also the converse is true: if there is just one component in the graph, then the automaton is nilpotent. In [11] it was proved that, if the graph has more than one component, then the number of components is uncountable.
The nilpotency problem consists of deciding whether a given CA is nilpotent or not.
It was shown in [2] that the nilpotency problem is undecidable for two-and higher dimensional CA. The purpose of the present work is to prove the same result for onedimensional CA. In [2] a known undecidable problem, the so-called tiling problem, was reduced to the nilpotency problem. This method does not work in one-dimensional case since the one-dimensional tiling problem is decidable. We can, however, use some two-dimensional tilings also in connection with one-dimensional CA. One can namely consider the space-time diagram of a one-dimensional CA as a tiling of the plane. In this case the tiling is locally deterministic in one dimension. It is easy to reduce the tiling problem of locally deterministic tile sets to the nilpotency problem. The difficult part is to show undecidable the tiling problem of locally deterministic tiles. To prove this, we use a modification of Robinson' s proof of the undecidability of the general tiling problem [8] . 2 . This can be proved easily using the compact topology of C (see [2] for the definition of the topology). This means that for every configuration c in the limit set there is a countably infinite sequence of configurations co, Cl, such that c co and Gy(ci+l) ci for every > 0.
It is easy to see that the limit set can never be empty. Indeed, every homogeneous configuration conf(s) remains homogeneous during the operation of the automaton.
Because the state set is finite, there are only finitely many homogeneous configurations.
This means that some conf(s) must turn back into conf(s) in k time steps, for some k _> 1. Then obviously conf(s) is in the limit set.
If the limit set of a CA contains just one configuration then the CA is called nilpotent.
It was shown in [2] that if a CA is nilpotent then there exists an integer n such that every configuration turns into the unique configuration of the limit set in at most n time steps.
In [11] [6] in the proof of the Rice's theorem for CA limit sets. It is described in [6] how the nilpotency problem can be reduced to the problem of testing any nontrivial property of limit sets. Consequently, every nontrivial property of limit sets is undecidable.
Tilings of the plane play an important role in our proof. Suppose we are given a finite set of unit squares with colored edges, the tiles. The tiles are placed with their edges horizontal and vertical. We have infinitely many copies of all the tiles and we want to tile the entire plane using the copies, without rotating any of them. In a valid tiling the abutting edges of adjacent tiles must have the same color. The tilingproblem consists of deciding whether the plane can be tiled with a given collection of tiles. The tiling problem was proved undecidable by Berger [1] . A simpler proof was given later by Robinson [8] . In [2] the tiling problem was applied to prove the undecidability of the nilpotency problem for two-and higher dimensional CA.
In one-dimensional case certain restricted types of tile sets will be used. [8] . We only need to make sure that the tiles constructed during the proof are always NW-deterministic.
3. The nilpotency problem. The following proposition is the basis of our proof for the undecidability of the nilpotency problem.
PROPOSITION 3.1. The tiling problem with NW-deterministic tile sets is undecidable.
The proposition will be proved in 4 and 5.
Let us now show how the tiling problem with NW-deterministic tiles can be reduced to the nilpotency problem. Let T be any NW-deterministic tile set with the partial function 7-7 -2 T defining valid tilings. Let q be a symbol not in 7-. We construct a one-dimensional CA ,47-(1, 7-t_J {q}, (0, 1), fT-) whose state set is 7-t3 {q} and local rule fT-is defined as follows: It is easy to see that ,47-is not nilpotent if and only if the tile set T can be used to tile the plane. Namely, suppose that the plane can be tiled legally using the tiles of 7-. Let us index the positions of the tiles on the plane using integer coordinates. For every x, y E Z let T(x, y) denote the tile in the position (x, y). For each t Z a configuration ct of .A-is constructed by taking the tiles in the infinite diagonal row that runs through the tile in the position (t, 0) (see Fig. 2 ). For all integers t and i, 7 (t + i, Because of the way the local rule f-was defined, ct+l Gf. (ct) for each t E Z. This means that the configurations ct are in the limit set of .A-. The limit set contains also conf(q), so that AT-is not nilpotent. If the tiling problem for NW-deterministic tile sets is undecidable after the modification, then it is also undecidable when the original definition is used. For every tile set 7" with a three argument partial function I,7-we construct a new tile set T' 7 -2 with the two argument function -, given by 7-, ((A, A'), (B, B')) (7- (A', A, B) , B).
The second component of a pair (A, A') E 7" is used to remember the left neighbor of the tile. It is not difficult to see that there is a valid tiling with the tiles of 7-if and only if there is a tiling with the tiles of 7-'.
First a NW-deterministic set of basic tiles will be described. The tiles have the property that every valid tiling of the plane is nonperiodic, that is, there exist no translations of the plane that leave the tiling unchanged. The basic tiles are the same that were used in [8] , and they resemble also the tiles used in [5] . Only a small change is needed to make the tiles NW-deterministic. The tile set is by no means minimal--it is possible to construct a NW-deterministic, nonperiodic set containing only 16 tiles [4] . However, the basic tile set described below is better suited for our purpose.
The tiles contain arrows. The arrows are first horizontal and vertical. Later on also diagonal arrows will be introduced. On a valid tiling each arrow head must meet an arrow tail on the neighboring tile. The seven basic tiles are represented in Fig. 4 Let us now study the possible tilings with the set of 56 tiles described above. The set is exactly the same that was used by Robinson in [8] , so that his analysis of possible tilings can be directly used.
For each positive integer n, four (2' 1)-squares are defined recursively. A cross with the parity tile at the lower left in Fig. 5 is a 1 Proof. First note that the parity tiles of Fig. 5 are NW-deterministic (actually every tile defines both its right and its lower neighbors uniquely, so that it is enough to look at either A or B of Fig. 3 to determine C). Let us then consider the basic tiles of Fig. 4 with the diagonal arrows of Fig. 8 Let us now forget the green borders and consider the red borders. They are exactly the 4'-borders, for all positive integers n. Two red borders cannot intersect, but a smaller red border may lie completely within a larger one. The region within a red border but outside all red borders within it will be called a board. On a board we want to locate the rows and columns which run completely across the board, from outer border to outer border, without running into any of the smaller boards inside. These rows and columns will be called free. For each tile there are two possibilities for its vertical obstruction signals as depicted in Fig. 9 The 4'*-border and the free rows and columns inside form a grid (see Fig. 10 ) in which the operation of a Turing machine is simulated. The simulation is done in a NWdeterministic way. Let us index the rows and columns of the grid by natural numbers.
The leftmost column gets the number 0, and the numbers increase to the right. The numbers of the rows increase downwards, and the number of the uppermost row is 0.
Let N F, + i be the maximum row and column index in the grid. Let us now see how a given deterministic Turing machine can be simulated in the grid defined by the 4'-border in a NW-deterministic way. The specific property of tilings that corresponds to the nilpotency of CA is the existence of legal tilings. The undecidability of this problem is proved using a straightforward extension of Robinson's proof for the undecidability of the existence of legal tilings with arbitrary tile sets [8] . Robinson 's construction has to be changed only to make the tile sets obtained remain locally deterministic.
